TORIC GEOMETRY, EXERCISE SHEET 1

Exercise 1. For each of the following affine toric varieties from Example 2.9, find a
suitable lattice M and finite subset A C M such that Y, is the given variety. Write
down ® 4 and justify your answer.

(a) The torus T' = (C*)".

(b) Affine space C".
(c) The cuspidal cubic V (y? — 23) C C2.
(d) The threefold node V (zy — zw) C C*.

Exercise 2. Let d > 2 and choose A = {(0,1),(1,1),...,(d, 1)} C Z2.
(a) Show that I(Y}) is generated by the 2 x 2 minors of

o L1 - Td-1
'Tl a’/’z DY l‘d :
In other words, prove

1Y) = (zixjp1 — iz |0<i<j<d-1).
(b) Consider the alternative set
B={(d,0),(d—1,1),...,(0,d)} C Z*

Determine ZA and ZB. Find an injective lattice homomorphism L : Z? — Z2
with L(A) = B, and calculate the index of its image.

(c¢) Show that Y4 = Yz by comparing the monomial maps.

(d) Prove that Y is also the image of

Y C? — CUY, (u,v) — (u®, u? o, . ue® ud).
Conclude that Y, is the affine cone over the degree-d rational normal curve
Co=A{[u* v v 0| [u:v] € P} CPL

Exercise 3. Prove the following lemmas.

Lemma 2.13. Let ¢ : T} — T, be a morphism of tori. The image ¢(7}) is a closed
subtorus of T. Hint: Use the Smith normal form for matrices with entries in a principal
ideal domain (like Z).

Lemma 2.11. Let ¢ : T} — T35 be a morphism of tori. Then there is an induced
group homomorphism of character lattices

7:M(Th) — M(Ty),  x?"™ =x"oe.
Moreover,
¢ injective <= @ surjective,
@ surjective <= @ injective.
Lemma 2.12. Let T be a torus with character lattice M. Let A = {my,...,ms} C M.
Lemma 2.11 applied to the morphism of tori ®4 : T — (C*)* induces the group
homomorphism of character lattices given by

S
by 7° — M, (a1,...,a5) — > amm;.
i=1
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